We propose a new approach to test possible corrections to Newtonian gravity using solar physics. The high accuracy of current solar models and new precise observations allow to constrain corrections to standard gravity at unprecedented levels. Our case study is Eddington-inspired gravity, an attractive modified theory of gravity which results in non-singular cosmology and collapse. The theory is equivalent to standard gravity in vacuum, but it sensibly differs from it within matter, for instance it affects the evolution and the equilibrium structure of the Sun, giving different core temperature profiles, deviations in the observed acoustic modes and in solar neutrino fluxes. Comparing the predictions from a modified solar model with observations, we constrain the coupling parameter of the theory, |κ g | 3 · 10 5 m 5 s −2 /kg. Our results show that the Sun can be used to efficiently constrain alternative theories of gravity.
INTRODUCTION
In the last century General Relativity passed several stringent tests and it is now accepted as the standard theory of gravity and one of mankind's greatest achievements (Will 2005) . In the weak-field regime, General Relativity reduces to Newtonian gravity, which is encoded in the famous Poisson equation for the gravitational field
where G is the gravitational constant and ρ is the matter density. In vacuum, the gravitational field of a spherically symmetric mass M simply reads Φ(r) = −GM/r .
The validity region of the equation above has been tested and confirmed from submillimeter (Hoyle et al. 2001) to solar system experiments (Will 2005) . However, much less is known about Poisson's equation (1) inside matter. In fact, the coupling to matter is one of the most delicate points in Einstein's theory. Several alternative theories have been proposed, which introduce modifications in the coupling between matter and gravity (see e.g. Damour & Esposito-Farese (1993) ). The investigation of possible alternatives to the General Relativity paradigm are important. Extrapolating Einstein's theory to regimes in which it is not well-tested may lead to bias, potentially affecting astrophysical observations and our understanding of the Universe. At relativistic level, corrections in the gravity-matter coupling would affect the interior of neutron stars and the cosmological evolution of the universe (Clifton et al. 2011) . However, the uncertainty on the correct equation of state (EOS) describing the interior of a neutron star makes it difficult to disentangle the effects of an alternative theory from those due to a different EOS. E-mails: jordicasanellas@ist.utl.pt, paolo.pani@ist.utl.pt, ilidio.lopes@ist.utl.pt, vitor.cardoso@ist.utl.pt On the other hand, deviations from standard gravity have been proposed even at Newtonian level (Milgrom 1983; Banados & Ferreira 2010) in a way which is compatible with current experimental bounds. Theories such as these are consistent with all observations and at the same time are able to avoid long-standing problems of standard gravity. Thus, modified theories should be taken seriously and as important alternatives to explain our Universe and it is of utmost importance to develop methods to test and constrain them against standard gravity.
In this work we propose a new approach, which is not affected by the degeneracy problems in neutron star physics and is complementary to cosmological tests. We shall investigative how deviations in Eq. (1) would affect the evolution and the equilibrium structure of the Sun and other stars, leaving potentially observable effects. The high accuracy obtained with current standard solar models and precise observations of the acoustic modes and neutrino fluxes allow to perform stringent tests of the physics governing the star evolution and interior (Turck-Chièze & Couvidat 2011). In the past, stellar evolution has been used to constrain a possible time dependence of Newton's constant G (Teller 1948) . More recently, similar ideas have been used to put constraints on the value of G (Lopes & Silk 2003) , on the properties of dark matter particles (Lopes et al. 2002; Lopes & Silk 2010; Casanellas & Lopes 2011) , and on the couplings of other particles (Gondolo & Raffelt 2009 ). Finally, possible modifications to the stellar structure in some alternative scenarios were studied by Bertolami & Paramos (2005 , 2008 ) using polytropic models. Given the high (and increasing) accuracy of present realistic solar models and related observations, using the Sun as a theoretical laboratory where alternative theories of gravity can be challenged, is a very promising tool to constrain deviations from Newtonian gravity.
PARAMETRIZED POST POISSONIAN
APPROACH FOR MODIFIED GRAVITY The Parametrized Post Newtonian approach proved to be extremely efficient to constrain weak-field deviations from General Relativity in orbital motion (Will 2005 ). The approach is based on a very general parametrization of the metric functions, and does not require any knowledge of the underlying alternative (metric) theory. Following a similar approach, here we parametrize viable couplings between matter and gravity in the nonrelativistic limit, i.e. within Newtonian theory. We require a modified Poisson equation which reduces to the usual one in vacuum, but which can accommodate extra terms in the coupling with matter. Assuming this theory is the non-relativistic limit of some covariant relativistic theory, we also require spacial covariance. Finally, we assume the theory contains at most second-order derivatives in the fields, although this condition can be easily relaxed. A general modified Poisson equation, up to second order in Φ, ρ and derivatives, which satisfies these requirements, reads
The first term on the right hand side of the equation above is the standard Poisson term. The second one, proportional to κ g , arises from the Eddington-inspired gravity theory recently proposed by Banados & Ferreira (2010) . The other terms are higher order corrections and ǫ ij is the Levi-Civita symbol. All the parametrized corrections vanish in vacuum, so that the theory above is consistent with the inverse square law behavior (2), but most of the extra terms in Eq. (3) violate the equivalence principle and are therefore already strongly constrained by experiments (Will 2005) . Two notable exceptions are the terms proportional to κ g and, for spherically symmetric configurations, the term proportional to α g . These two terms are consistent with the equivalence principle, and mostly unconstrained presently.
A CASE STUDY
For concreteness, here we focus on a particular case, setting γ = η i = ǫ i = 0 in Eq. (3). The modified Poisson equation reduces to
where
. Requiring spherical symmetry, the hydrostatic equilibrium equation follows
where no terms proportional to α g arise, due to the spherical symmetry. The choice γ = η i = ǫ = 0 is motivated by several reasons. First of all, the terms we are neglecting would introduce violations to the equivalence principle, which is experimentally confirmed with great precision (Will 2005) . Secondly, the equation above represents the most general modified Poisson equation which is first order in Φ, ρ and satisfies the requirements previously discussed. The extra terms would only introduce higher order corrections. Furthermore, this theory is the nonrelativistic limit of a well-motivated theory of gravity, which prevents the formation of singularities in cosmology and in the stellar collapse of compact objects (Banados & Ferreira 2010; Pani et al. 2011 ). Here we investigate how this theory would modify the interior and the evolution of the Sun.
3. THE EVOLUTION OF THE SUN The high accuracy of current solar models and precise observations allow to test standard gravity against alternative theories at unprecedented levels. Alternative theories would affect the evolution and the equilibrium structure the Sun, giving different core temperature profiles and deviations in the observed acoustic modes and in solar neutrino fluxes. Comparing the predictions from a modified solar model with observations, we can constrain the coupling parameter of the theory.
Modeling the solar interior not only requires to describe the present solar structure, but also to explain the evolution of the Sun from the ignition of hydrogen nuclear fusion to the present day (see e.g. Turck-Chièze & Lopes (1993) for a review). The solar models are constructed on the basis of plausible assumptions, which translate in a set of four ordinary differential equations. The star is considered in hydrostatic equilibrium, which means that the hydrostatic pressure resulting from the thermonuclear fusion of hydrogen to helium must be exactly balanced by gravity. The nuclear reactions are produced in the pp chain and in the CNO cycle, the former affecting more strongly the temperature profile in the solar core. Furthermore, the star is assumed to be in thermal equilibrium, i.e. the energy produced by nuclear reactions balances the total energy loss via radiative energy flux and via the energy carried away by neutrinos.
Within ∼ 70% of the solar radius, the most efficient transport mechanism of energy from the solar center outwards to the stellar surface is due to electromagnetic radiation, while in the outer region, the so-called convective zone, the energy is mainly transported by convection. The radiative energy transport (and, in turn, the temperature profile) is governed by the Rosseland mean opacity, which takes into account that photons interact with electrons and ions in the dense plasma in the solar interior, while they mostly interact with atoms and molecules at the solar surface, where radiative transport is again significant.
One of the basic assumptions of any solar model, namely the hydrostatic equilibrium, ultimately depends on how strong and efficient the gravitational selfinteraction is inside the Sun, i.e. on Poisson's equation (3). Any corrections would affect the thermal balance and, in turn, the temperature profile inside the star, leaving potentially observable signatures.
Finally, effects due to rotation (Pinsonneault et al. 1989 ) and magnetic fields (Passos & Lopes 2008 ) are usually neglected in standard solar models. These processes take place on a much shorter timescale than the evolutionary timescale of the Sun and their inclusion results in minor structure changes in the solar interior (see e.g. Turck-Chièze et al. (2010)).
3.1. Equations governing stellar equilibrium and evolution Under the previous assumptions, the internal structure of the Sun is governed by the following ordinary differential equations for (r, P, L, T ), the radius, pressure, luminosity and temperature, respectively
where q = m/M ⊙ is a convenient choice of the independent variable, since mass loss is neglected (Clayton 1968) . The first and third equations above are the standard continuity equation and conservation of thermal energy, respectively, whilst the second equation describes the hydrostatic equilibrium (note that Eq. (7) is equivalent to Eq. (5) when expressed in terms of independent variable q). Finally, the equations above must be supplied by an appropriate transport energy equation, for the convective zone and for the radiative zone (Morel 1997) . Due to the modified Poisson equation (7), the standard equation for the convective energy transport is indirectly modified as follows
where ∇ ≡ d log T /d log P is the temperature gradient. For adiabatic changes, the temperature gradient can be simply related to one of the adiabatic exponents, ∇ ad = (Γ 2 − 1)/Γ 2 (Weiss et al. 2004 ). In the radiative zone, the transport energy equation is unaffected by κ g and it simply reads
where κ is the Rosseland mean opacity and σ is the Boltzmann constant.
3.2. Numerical procedure The modified equations above have been included, together with all the relevant physical processes, in CE-SAM (Morel 1997 ), a self-consistent numerical code for stellar structure and evolution. The main physical inputs of the solar models are the following: the nuclear reaction rates are taken from Adelberger et al. (1998) , with the Mitler (1977) intermediate screening; the opacities are taken from the OPAL95 tables for temperatures above 5600 K and from Alexander & Ferguson (1994) for lower temperatures; we used the tabulated OPAL EOS ; microscopic diffusion is included following the prescription of Michaud & Proffitt (1993) ; finally, the solar abundances are taken from Asplund et al. (2005) . For comparison, all the models were also computed with the older, low-metallicity solar abundances (Grevesse & Sauval 1998) , leading to nearly identical results. This test stresses the robustness of our approach and shows that our analysis is virtually independent of the current uncertainties of solar modeling.
In order to constrain the values of the coupling parameter κ g which are compatible with present observations of the Sun, we constructed calibrated solar models for different values of κ g . The models are calibrated to fit the solar properties with an accuracy of 10 −5 . The calibration is performed by varying the parameters X 0 (the initial abundance of hydrogen in the young Sun) and α (which parametrizes the efficiency of convection as a mechanism of energy transport), and by fixing the solar surface heavy-element content (Z/X) ⊙ = 0.0165, age t ⊙ = 4.57 Gyr, radius R ⊙ = 6.9599 × 10 10 cm, mass M ⊙ = 1.9891 × 10 33 g and luminosity L ⊙ = 3.846 × 10 33 erg s −1 . It was possible to construct calibrated solar models for −0.032GR Pani et al. (2011) for simple polytropic models. On the other hand, for κ g 0.02GR
2 ⊙ equilibrium stellar configurations can be constructed, but their internal structure is so strongly modified that the observed solar properties (namely Z/X, t ⊙ , R ⊙ , M ⊙ and L ⊙ ) cannot be matched simultaneously. In Table 1 , we show the values of X 0 and α required to calibrate the solar models, together with the central temperature, density and pressure of the models. Solar models with κ g > 0 have a lower central density and a lower core temperature, whereas models with κ g < 0 work in the opposite direction. These results can be qualitatively understood as follows. Equation (5) can be written in a more evocative form as
where we have defined an "effective" Newton's constant
Since ρ ′ (r) < 0 inside the Sun, G eff ≶ G when κ g ≷ 0. When κ g < 0, we expect a stronger effective gravitational force which, for main sequence stars in hydrostatic equilibrium, leads to an increase in the central temperature and, consequently, in the rate of thermonuclear reactions. The solar models constructed with κ g < 0 also require a higher initial abundance of hydrogen to match the solar observables. This fact can be explained by homology scaling (see e.g. Kippenhahn & Weigert (1990) ): the luminosity of a star scales as a high power of G and the mean molecular weight, therefore an effective increase in the gravitational force must be compensated by a decrease in the mean molecular weight (and consequently an increase in the hydrogen abundance) to achieve the same luminosity. This qualitative picture is in agreement with results obtained for different (constant) values of G (cf. Table 1 in Lopes & Silk (2003) ).
RESULTS
The Eddington-inspired theory of gravity leads to strong modifications in the solar structure. In a wide region of the parameter space of the theory, the modified solar models show important variations in the central temperature and in the density profile (see Fig. 1 ).
These two signatures can be tested against solar observables. In particular, we shall show that solar neutrino measurements (which are sensible to T c ) and helioseismic acoustic data (sensible to sound speed and density profiles) strongly constrain the values of the parameter κ g that are compatible with present observations. 4.1. Solar neutrinos Solar neutrinos provide a unique window to the solar interior due to the high sensitivity of thermonuclear reactions to the temperature at which they take place. In particular, the 8 B flux, produced in the inner 10% (in radius) through the pp chain, is very sensitive to the central temperature of the Sun: φ8 B ∝ T (Aharmim et al. 2010; Bellini et al. 2010) . Thus, the theory can be constrained on the basis of incompatibility with observations.
Our results for the solar neutrino fluxes are shown in Fig. 2 . As expected, the dependence on the coupling parameter κ g can be understood in terms of effective gravitational constant. Positive values of κ g lead to a smaller G eff , contributing to a lower central temperature and, in turn, to a lower expected neutrino flux. Negative values of κ g work in the opposite direction.
The theoretical uncertainty of standard solar modeling have to be consistently taken into account when comparing the predictions of our models with the observations. Previous works have shown that the largest source of uncertainty in the calculation of the solar neutrino fluxes comes from the uncertainty in the values of the surface heavy element abundances of the Sun (Bahcall et al. 2006; Gonzalez-Garcia et al. 2010; Noreña et al. 2011) . Bahcall & Serenelli (2005) determined, using Monte Carlo simulations for 10000 solar models, that the total 1σ theoretical uncertainty in the predicted 8 B neutrino flux is below 17%, in the most conservative scenario. In addition, we also take into account the deviation of 20% in the predicted 8 B flux when different estimations of the solar abundances are implemented (see e.g. Serenelli et al. (2009) ). Considering both the theoretical and experimental uncertainties, we estimated that models that predict a 8 B flux which deviates more than 30% from our standard solar model can be conservatively ruled out, in agreement with the threshold considered by other authors (Taoso et al. 2010) . Following this analysis, we conclude that values of κ g −0.024GR 2 ⊙ are excluded by the observation of 8 B solar neutrinos (see Figure 2) .
On the other hand, we found that the 7 Be neutrino flux only provides less stringent constraints on κ g , as 7 Be neutrinos are produced in a wider region in the center of the Sun and, consequently, are less sensitive to its central temperature (φ7 Be ∝ T MDI/SOHO (Scherrer et al. 1995) and HMI/SDO (Zhao et al. 2011) , and by ground networks such as BiSON (Broomhall et al. 2009 ) and GONG (Harvey et al. 1996) . The analysis of helioseismic data has provided a valuable tool to probe the solar interior, revealing the sound-speed and density profiles down to 10% of the solar radius (Christensen-Dalsgaard et al. 1985; Gough et al. 1996) . Different helioseismic parameters have been used to investigate various aspects of solar physics (Thompson et al. 1996; Gizon et al. 2010) . In particular, the small separation between the frequencies of modes with different degree l and radial order n, δν n,l = ν n,l − ν n−1,l+2 , is a helioseismic quantity which is very sensitive to the temperature gradient in the deep interior of the Sun (Otí Floranes et al. 2005 ). In addition, the modes with degree l = 0 Helioseismic data correspond to acoustic waves that traveled through the entire stellar radius and carry information about the density profile of the Sun (Lopes & Turck-Chièze 1994; Roxburgh & Vorontsov 2000) . Therefore, δν n,l=0 , also known as fine spacing or d 02 , is a very suitable parameter to detect the signatures that alternative theories of gravity leave on the solar interior.
The small separations in modified solar models are compared with solar data in Figure 3 .a). As expected, for κ g = 0 the fine spacings exhibit a moderate disagreement with the observations. This discrepancy, which disappears when the older, low-Z solar abundances are considered, has been discussed in detail by Basu et al. (2007) . On the other hand, for large values of κ g the deviations from helioseismic data are much larger, providing a clear way to discriminate viable models.
As discussed for solar neutrinos, when the helioseismic quantities are used to constrain solar models in modified theories of gravity, the uncertainties of solar modeling also have to be taken into account. Compared to solar neutrinos, the theoretical uncertainties on the mean small separation δν n,l=0 are much smaller. The variation on δν n,l=0 resulting from different solar models is of the order of 2-3% (Basu et al. 2007) . Considering this uncertainty, we can rule out those models that lead to deviations in δν n,l=0 greater than 4%. This diagnostic establishes strong constraints on κ g , ruling out the regions κ g 0.016 G R 
Other helioseismic constraints
Another constraint on deviations from Newtonian gravity comes from the comparison of the solar and model sound speed profiles, the former being obtained with high precision from helioseismic observations. Remarkably, the standard solar model reproduces the sound speed profile of the Sun with an accuracy better than 1% in most of its interior. How- ever, right below the convective envelope the deviations from the observed sound speed are larger (this discrepancy is common in models adopting the latest, high-Z solar abundances (Montalbán et al. 2004; Delahaye & Pinsonneault 2006; Serenelli et al. 2009)) . Figure 4 .a) shows the relative differences between the helioseismically inverted and the sound speed profiles of some of the modified solar models, δc/c = (c ⊙ − c model )/c model . The mean difference |δc/c| is a measure of how accurately a solar model reproduces the sound speed profile of the Sun, and therefore it can be used to put constraints to modified theories of gravity. Those models leading to a relative deviation |δc/c| more than two times larger than the |δc/c| obtained for κ g = 0 can be conservatively ruled out. As shown in Figure 4 .b), the constraints from the sound speed profile rule out models with κ g 0.012 G R 2 ⊙ . Helioseismology also provides accurate measurements of the depth of the convective envelope, R CZ = 0.713 ± 0.001 (Basu & Antia 1997) and the helium surface abundance Y S = 0.2485±0.0035 (Basu & Antia 2004) . Monte Carlo simulations have shown that the theoretical uncertainty from solar modeling is below 2% for R CZ and 5% for Y S (Bahcall et al. 2006) . Consequently, we can conservatively rule out models that predict deviations of these quantities larger than 3% and 7%, respectively . As shown in Figure 5 , this allows us to put the following constraints on the parameter κ g : −0.016GR 2 ⊙ < κ g < 0.013GR 2 ⊙ and κ g > −0.018GR 2 ⊙ , respectively from the observations of R CZ and of Y S .
DISCUSSION AND CONCLUDING REMARKS
Our results show that the Sun is a very good testing ground to constrain generic modified theories of gravity, for instance theories such as the ones described in Eq. (3) and even more exotic or yet to be proposed corrections. For the particular case of Eddington-like theories, Table 2 summarizes the constraints on the coupling parameter κ g It is important to stress that this result does not rule out Eddington-inspired theory as a promising alternative to Einstein's theory. Previous studies showed that most of the appealing features of the theory would persist even for a (positive) arbitrarily small coupling parameter (Banados & Ferreira 2010; Pani et al. 2011) , which is perfectly consistent with current observations of solar neutrinos and helioseismology.
Modified gravity is also relevant as an alternative approach to the solar abundance problem. The particular theory we considered only offers a partial solution to this problem. Indeed, models with κ g < 0 predict the base of the convective envelope at a smaller radius than the standard solar model, reconciling the prediction with the helioseismically inferred value. However, the predicted helium surface abundance for the same models with κ g < 0 is then even more underestimated than for standard solar models. Similar partial solutions were discussed in different contexts (Castro et al. 2007; Christensen-Dalsgaard et al. 2009; Guzik & Mussack 2010; Serenelli et al. 2011) . Although Eddington-inspired gravity suffers from the same limitations, other gravitational corrections could affect the solar interior in a different way and they should be investigated more carefully. We leave this interesting topic for future work.
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